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Abstract
We study contributions coming to mB from one or more universal extra dimensions (UED) in which all the Standard Model
fields can propagate. In the model with a single UED, the box diagrams for mixing are convergent and therefore insensitive to the
cut-off scale of the theory. In the case of two UEDs, the result is not very sensitive to the cut-off scale due to GIM mechanism.
Within the present range of the parameters at 1σ level, the lower bound on the compactification scale 1/R has been estimated to
be 165 GeV for one UED and 280 GeV for two UEDs. The bound increases drastically if one can have a better determination of
the B meson decay constant fB and the QCD correction parameter BB . For example, it rises to 740 GeV (for one UED) if the
error (at 1σ ) in the determination of fB
√
BB from quenched lattice calculation is reduced to one-third from its present value.
The UED contributions to the K system are strongly suppressed.
 2003 Published by Elsevier Science B.V.
PACS: 11.25.Mj; 12.15.Ff; 14.40.Nd
Inspired by the string theories, a possible solution to the hierarchy problem of the Standard Model (SM) may be
the higher-dimensional scenarios. These scenarios get additional motivation from the potential to solve some of the
open problems of the SM: gauge coupling unification [1], supersymmetry breaking [2], neutrino mass generation
[3], and the explanation of fermion mass hierarchies [4]. The observation of four-dimensional world in our everyday
life ensures that the extra dimensions are compactified. The simplest way is to compactify them on a circle of a
radius R (S1). A nice feature of these theories is that the compactification radius can be large so that 1/R can be as
low as a few hundreds of GeV [2,5]. One might argue that in the most natural framework all the SM fields should
be allowed to propagate in the extra dimensions. Care, however, must be taken to obtain chiral fermions in four
dimensions (4D) from such universal extra dimension (UED) models.
In this Letter we confine ourselves to the UED model formulated in [6]. In 4D effective theory, the existence of
these extra dimensions are felt by the appearance of towers of heavy Kaluza–Klein (KK) states having masses
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momentum in extra dimensions which leads to KK number conservation in the effective 4D theory. Such theories
naturally lead to the existence of the lightest KK particle which is a viable dark matter candidate [7]. One
should note in this context that orbifolding, which is necessary to forbid wrong-chirality fermions at the lowest
level, generates KK number violating interactions through boundary terms [8,9]. Though these interactions have
interesting phenomenological implications in the decays of such KK modes, we put them to be equal to zero by
hand and do not consider them any further in our study of the virtual effects of those modes. Consequently in our
calculations, there are no vertices which violate the KK number conservation. This forbids production of isolated
KK particles at colliders and tree-level contributions to the electroweak observables. In the non-universal case,
where the fermions (and maybe some of the bosons) are confined to a 4D brane, the presence of a localising
delta function in the Lagrangian permits KK number violating couplings, which is not true for the UED models,
and hence none of the existing bounds on non-universal extra-dimensional models from single KK productions at
colliders [10] and from tree as well as loop-level electroweak constraints [11] are applicable for UEDs. In UED,
apart from the direct KK pair production at colliders [12], one may get indirect bound on the compactification
scale 1/R from the virtual effects of KK modes at loop level [6,13–15]. It is natural to look on processes which
are sensitive to radiative corrections even in the absence of KK modes in order to study the dominant loop effects
induced by the exchange of them. In the SM, the most important loop effects are those enhanced by the heavy
top quark mass. Thus one may get valuable information on the size of the extra dimension through the one-loop
KK mode contributions to the processes, Z → bb¯ [6], b→ sγ [15] and B0–B 0 mixing. The lower bound on
the compactification scale (1/R) from collider phenomenology [12], Higgs physics [14], electroweak precision
measurements [6], and flavour changing process b→ sγ [15] has been estimated to lie between 200 and 500 GeV.
In this Letter, we mainly address the effects of only one spatial UED at the one-loop level to B0–B 0 mixing. The
bound on the compactification scale is derived taking into account all input uncertainties (and we also show what
happens if these uncertainties come down) and hence can be regarded as a robust one. A brief qualitative discussion
for more than one extra dimension is also presented, and we comment on the K system too. As a starting point, we
consider the relevant part of the five-dimensional (5D) Lagrangian:
(1)L5(x, y)= iQΓMDMQ+ λU5 QU
(
iσ2H
∗)+ λD5 QDH + h.c.
Here M (1 to 5) is the Lorentz index. The covariant derivative DM can be expressed as
(2)DM = ∂M + i
3∑
i=1
gi5T
a
i A
a
iM,
where gi5s are the 5D coupling constants associated with the SM gauge group SU(3)c× SU(2)L×U(1)Y , and T ai s
are the corresponding generators. The parameters λU5 and λ
D
5 are the 5D Yukawa couplings. The 5D Dirac matrices
are Γ M ≡ (γ µ, iγ 5) (see, e.g., [16]) and y denotes the coordinate along the extra dimension. The fields Q, U
and D, all functions of xµ and y , describe 5D generic quark doublet, up type quark singlet, and down type quark
singlet, respectively. Unlike in the Standard Model, they have both chiralities, and are of vector type. The field H is
the 5D Higgs doublet, and the generic 5D gauge bosons for each gauge group are denoted by AaiM . The component
of the gauge bosons along the extra dimension is the pseudoscalar Ai5. In order to derive the 4D Lagrangian we
must expand the five-dimensional fields into their KK modes. To project out the zero modes of the wrong chirality
(i.e., QR , UL, and DL) and the fifth component of the gauge field, Ai5, the fifth dimension y is compactified on an
S1/Z2 orbifold (Z2 :y→−y). The KK decompositions of the 5D fields are:
H(x,y)= 1√
2πR
{
H(0)(x)+√2
∞∑
n=1
H(n)(x) cos(ny/R)
}
,
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2πR
{
A
(0)
iµ (x)+
√
2
∞∑
n=1
A
(n)
iµ (x) cos(ny/R)
}
,
Ai5(x, y)= 1√
πR
∞∑
n=1
A
(n)
i5 (x) sin(ny/R),
Q(x, y)= 1√
2πR
{
Q
(0)
L (x)+
√
2
∞∑
n=1
[
Q
(n)
L (x) cos(ny/R)+Q(n)R (x) sin(ny/R)
]}
,
U(x, y)= 1√
2πR
{
U
(0)
R (x)+
√
2
∞∑
n=1
[
U
(n)
R (x) cos(ny/R)+U(n)L (x) sin(ny/R)
]}
,
(3)D(x,y)= 1√
2πR
{
D
(0)
R (x)+
√
2
∞∑
n=1
[
D
(n)
R (x) cos(ny/R)+D(n)L (x) sin(ny/R)
]}
.
Here the factor of
√
2 is due to the different normalizations of the zero and higher modes in the KK tower; it would
not have been there if we run the sum over both positive and negative values of the KK number n. The fields which
are even under the Z2 orbifold symmetry have zero modes, and they correspond to the SM particles in usual four
dimensions. Fields which are odd under Z2 do not have zero modes and hence are absent in the SM spectrum.
Using the KK expansions of the 5D fields and integrating out the 5D Lagrangian over the extra dimension y , the
effective 4D Lagrangian is obtained. Apart from the usual mass term coming from the vacuum expectation value
of the zero-mode Higgs, KK excitations also receive masses from the kinetic energy term in the 5D Lagrangian.
The mass of the nth level KK particle, where n is the KK excitation number that quantises the momentum along
the extra dimension y , is given by mKKn =
√
m20 +m2n where m0 is the zero-mode mass and mn = n/R. Thus
the KK spectrum at each excitation level is nearly degenerate except for the heavy SM particles (t,W,Z,h). This
degeneracy is removed by the radiative corrections of KK mode masses [8] which play an important role in collider
phenomenology. However, this has only a negligible effect on our results, and so we can take the KK excitations of
all the light particles to be degenerate. The couplings gi5, λ
U
5 and λ
D
5 are dimensionful and they have to be rescaled
as gi = gi5/
√
2πR, λU = λU5 /
√
2πR and λD = λD5 /
√
2πR to obtain the proper dimensionless SM couplings.
The zero mode and the KK Higgs doublets can be written as
(4)
(
φ(0)+
1√
2
(
v+ h(0) + iχ(0))
)
,
(
φ(n)+
1√
2
(
h(n) + iχ(n))
)
.
Here h(n)s are neutral Higgs KK excitations. The charged scalars φ±(n) combining with the W±5(n) form
longitudinal components of the W±(n)µ . The orthogonal combinations yield physical charged Higgs KK tower.
Goldstone KK modes for W±(n) are
(5)G±(n) = mnW
±(n)
5 ± imWφ±(n)√
m2n +m2W
and the physical charged Higgs KK tower is
(6)H±(n) = mnφ
±(n) ± imWW±(n)5√
m2n +m2W
.
Similarly, the χ(n) together with the Z5(n) generate additional physical neutral Higgs tower and longitudinal
components of the Z(n)µ . However, they do not contribute to our study and have consequently not been discussed
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further. In the unitary gauge which we will use for our calculation, Goldstone KK modes are eaten up by
the longitudinal parts of the gauge boson KK modes. The fields W±(n)µ and H±(n) have the same mass as
mW,n =
√
m2n +m2W , since we are neglecting the loop corrections to the KK modes.
Rotating the quark fields to the mass eigenbasis from the weak eigenbasis is similar to that in the SM and leads
to a universal CKM matrix, same for all KK levels. Furthermore, one generally performs a chiral transformation to
get the 4D mass terms with the correct sign:
(7)
(
U(n)
Q(n)
)
=
(−γ5 cosαn sinαn
γ5 sinαn cosαn
)(
U(n)
′
Q(n)
′
)
,
with the mixing angle tan 2αn =mq/mn. Obviously, the mixing angles can be neglected for all quarks except the
top.
For B0–B 0 mixing, we need the vertices involving one zero mode and two non-zero KK modes, W+(n)d¯u(n)i ,
W−(n)u¯(n)i b, H+(n)d¯u
(n)
i and H−(n)u¯
(n)
i b, to calculate the relevant box diagrams in UED. The vertices H+(n)d¯u
(n)
i
and H−(n)u¯(n)i b have two parts, one coming from φ±(n) interactions, while other part from W
±(n)
5 . All these
relevant vertices are obtained from the four-dimensional Lagrangian
∫ πR
−πR L5(x, y) dy . The 5D integrations
1
(2πR)3/2
∫ πR
−πR 2 cos
2(ny/R)dy and 1
(2πR)3/2
∫ πR
−πR 2 sin
2(ny/R)dy are just 1√
2πR
, and combining them with gi5’s
we get just the ordinary 4D gauge couplings gi . Thus these vertices are exactly identical to the SM ones in weak
basis. The only point to note is that the mass terms appearing in the Yukawa couplings of the φ±(n) (relevant for
charged Higgs KK mode interactions) are the zero-mode and not the excited level masses of the corresponding
quarks. The box diagrams relevant for B0–B 0 mixing in UED are shown in Fig. 1, to which one must add the
crossed diagrams with intermediate boson and quark lines interchanged. In the case of SM, the box diagram is
mediated only by the exchange of the W boson in the unitary gauge, while in the UED case, the exchange of the
KK modes of the charged Higgs will give extra diagrams in addition to that by the KK excitations of W .
The UED contributions to the effective Hamiltonian for B = 2 transitions responsible for B0–B 0 mixing,
which come from the box diagrams shown in Fig. 1, are
(8)HUEDeff =
G2Fλ
2
t
4π2
(
m4W
m2W,n
)(
d¯γµ
(1− γ5)
2
b
)2 ∞∑
n=1
[
S(Xt ,Xt)+ S(Xu,Xu)− 2S(Xt ,Xu)
]
,
where
(9)S(Xi,Xj )= SWW (Xi,Xj )+ SHW (Xi,Xj )+ SHH (Xi,Xj ),
with Xi =m2i,n/m2W,n and λi = VibV ∗id . The functions SWW (Xi,Xj ) come from the box diagram mediated by two
excited W s and is of the same form as in the SM [17] with the appropriate modification of masses:
SWW (Xi,Xj )=XiXj
{[
1
4
+ 3
2
1
1−Xi −
3
4
1
(1−Xi)2
]
lnXi
Xi −Xj + (Xi ↔Xj)−
3
4
1
(1−Xi)(1−Xj)
}
.(10)
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boxes (with one W(n) and one H(n)) respectively:
(11)SHW (Xi,Xj )= xn
(1+ xn)2 (1− xi)(1− xj )
[
F1(Xi,Xj )
2
− 2F2(Xi,Xj )
]
,
(12)SHH (Xi,Xj )= 14(1+ xn)2 (1+ xixn)(1+ xjxn)F1(Xi,Xj ),
with xi =m2i /m2W and xn =m2n/m2W . The functional forms of F1(Xi,Xj ) and F2(Xi,Xj ) are given by
(13)F1(Xi,Xj )=
[X2j (1−Xi)2 logXj −X2i (1−Xj)2 logXi + (1−Xj)(Xj −Xi)(1−Xi)]
(1−Xi)2(1−Xj )2(Xj −Xi) ,
(14)F2(Xi,Xj )= [Xj(1−Xi)
2 logXj −Xi(1−Xj)2 logXi + (1−Xj )(Xj −Xi)(1−Xi)]
(1−Xi)2(1−Xj)2(Xj −Xi) .
In the limit Xi =Xj , the expressions SWW (Xi,Xj ), F1(Xi,Xj ) and F2(Xi,Xj ) become
SWW (Xi,Xi)= Xi(4− 15Xi + 12X
2
i −X3i − 6X2i lnXi)
4(1−Xi)3 ,
F1(Xi,Xi)= 1−X
2
i + 2Xi logXi
(1−Xi)3 ,
(15)F2(Xi,Xi)= 2− 2Xi + (1+Xi) logXi
(1−Xi)3 .
In Eq. (8), we have considered box diagrams with all combinations of the three excited up type quarks (i, j =
u, c, t). The terms are then rearranged by eliminating λu in favour of λc and λt using the unitarity relation
and thus the GIM mechanism of the SM is restored. The terms containing λ2c and λcλt are [S(Xc,Xc) +
S(Xu,Xu)− 2S(Xc,Xu)] and [2S(Xc,Xt)− 2S(Xu,Xt )+ 2S(Xu,Xu)− 2S(Xc,Xu)], respectively, and vanish
as Xc Xu m2n/m2W,n.
The UED contribution to the mass difference for the B0 mesons (mB) is given by
(16)(mB)UED = |〈B
0|HUEDeff |B 0〉|
mB0
.
The matrix element for 〈B0|(d¯γµ(1 − γ5)b)(d¯γ µ(1 − γ5)b)|B 0〉 is calculated in the usual vacuum insertion
approximation, and we have
(17)〈B0∣∣(d¯γµ(1− γ5)b)(d¯γ µ(1− γ5)b)∣∣B 0〉= 83BBf 2Bm2B
which gives,
(18)(mB)UED = G
2
F
6π2
∞∑
n=1
m4W
m2W,n
|λt |2
[
S(Xt ,Xt)+ S(Xu,Xu)− 2S(Xt ,Xu)
]
BBf
2
BmBηB,
where the bag factor, BB , is introduced to parametrize all possible deviations from the vacuum saturation
approximation. The quantity BBf 2B has been evaluated from QCD studies on lattice. The next-to-leading order
(NLO) short distance QCD correction is given by ηB .
Let us also comment on the case when one has more than one UED. The electroweak observables are known be
convergent for one UED, but diverges when the number of UEDs is two or more [6]. The SU(3) gauge coupling
also becomes non-perturbative at high scales for two UEDs, so one has to use a cut-off scale Ms in the multi-TeV
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The ranges of relevant parameters allowed by UUT at 1σ level from [21]
Parameter λ A ρ¯ η¯ |Vtd |
(×103) fB√BB
1σ level 0.221± 0.002 0.83± 0.02 0.151± 0.057 0.369± 0.032 8.36± 0.55 (235+33−41
)
MeV
range up to which such perturbative calculations make sense. This means a natural truncation of the KK mode
sum at n = ns (ns ∼MsR) where R is the common compactification radius. The effect mainly arises due to a
crowding of KK states for more than one UED. However, it is gratifying to note that the lower limit on 1/R is
fairly insensitive to the exact value of ns since the terms which do not decouple vanish due to GIM cancellation.
Now we shall comment on the reliability of the parameters we need for B0–B 0 mixing. The short distance
QCD corrections ηB are well determined [18], while the long distance corrections are estimated to be small, unlike
in the case of K–K mixing. Major uncertainties come from quantities like Vtd , fB and BB . We have used the
value of fB
√
BB at a scale of order mb obtained by UKQCD Collaboration [19] in quenched lattice calculation.
In the widely used generalised Wolfenstein parametrisation of the CKM matrix, the CKM matrix elements are
expressed in terms of the four parameters λ, A, ρ¯ and η¯. Of these, λ and A are presently known at 1% and 5%
levels, respectively, whereas ρ¯ and η¯ are the least known CKM parameters. The uncertainty in Vtd is solely due to
the broad allowed range in the (ρ¯, η¯) plane. However, one should note that since mB is affected by UED, the SM
fit values of quantities like Vtd , mainly determined from B0–B 0 mass difference, may not be used any further.
The models with UED do not have any new local operators beyond those already present in SM. In UED, the
flavor changing transitions and CP violation are solely governed by the CKM matrix. Furthermore, these models do
not contribute to inclusive and exclusive K and B decays due to the absence of KK number violating interactions.
These properties specify the so-called universal unitarity triangle (UUT) scenario [20], which has been constructed
from |Vub/Vcb|, mB/mBs and sin 2β extracted from the CP asymmetry in B0 → ΨKs where all dependence
on 1/R cancel out. We have performed a complete analysis for mB in UED by varying all parameters in their
UUT-allowed range, which is specified at the 1σ interval in Table 1 [21]. The result is shown in Fig. 2 where we
have plotted the points in the 1/R–fB
√
BB plane compatible with the experimental prediction of mB at 1σ level.
The lower bound on the compactification scale comes out to be at 165 GeV from the analysis. This is compatible
with bounds coming from other processes, but definitely not better.
Now let us comment on possible future theoretical and experimental improvements which may modify this
bound drastically. Note that the full range of the Wolfenstein parameters as mentioned in Table 1 is strongly
curtailed by the allowed range of |Vtd |, and it is unforeseen in near future to have such an improvement in these
four parameters as to put a better constraint on |Vtd | than that coming from B0–B 0 mixing. Anyway, the bound
does not change much for a marginal improvement of |Vtd |. The case of fB√BB is, however, different. The
obtained lower bound is strongly sensitive to the value of fB
√
BB as shown in Fig. 2. If in the future, the error
in fB
√
BB is reduced to 1/3 of its present value, keeping the central value fixed, the lower bound on 1/R will be
pushed up to 740 GeV. (Only the dark region in Fig. 2 will remain allowed.) If we use the CKM fitter [22] value
for this quantity, viz., 230± 28± 28 MeV, the lower bound is close to the present value, but an improvement by a
factor of 3 will only push up the bound to 400 GeV.
In the case of two UEDs, the lower bound on the compactification scale (assumed same for both the dimensions)
is estimated to be about 280 GeV for ns = 5. This is fairly insensitive to the exact value of ns since the contributions
from higher n states are decoupling in nature due to GIM cancellation. This bound shots up to 1 TeV if the error
bar on fB
√
BB is again reduced threefold.
It is interesting to note that the UED contribution is always positive, increasing the value of mB from its SM
value. Thus, if the lower bound on fB
√
BB goes past 222 MeV, the UED models will be ruled out or at least 1/R
will be pushed up to the multi-TeV range. The other side of the coin is that if UED has to contribute in a non-trivial
way to B0–B 0 mixing, lowest-lying KK excitations are going to be detected hopefully at Tevatron run II, and
definitely at the LHC.
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√
BB plane allowed by the experimental value of mB at 1σ level with the range of the CKM parameters allowed
by UUT at 1σ level. The dark region at the top corresponds to the case when the error on fB
√
BB is reduced to one-third of its present value.
Let us now discuss the related process K–K mixing induced by box diagrams in the context of UED.
This process is governed by S = 2 effective Hamiltonian. The contribution from the KK excitations of UED
is proportional to {λ2t [S(Xt ,Xt ) + S(Xu,Xu) − 2S(Xt ,Xu)] + λ2c [S(Xc,Xt ) + S(Xu,Xu) − 2S(Xc,Xu)] +
λcλt [S(Xu,Xu)−S(Xu,Xt)+S(Xc,Xt)−S(Xc,Xu)]}. Here |λt | (relevant forS = 2 interactions) is suppressed
by order λ4 (λ 0.22 being the expansion parameter of the CKM matrix) compared to |λc|. In the context of CP
violation, the term with λ2t may be important as Vtd only contain the CKM phase at O(λ4). The terms proportional
to λ2c and λcλt almost vanish as Xu Xc m2n/m2W,n. Furthermore, in K–K mixing there are large long distance
contributions in which the intermediate states in the transition K → K are mesons instead of up type quarks
and bosons. The short distance corrections are not well under control even at NLO due to the renormalisation scale
ambiguity. Furthermore, there is still a large uncertainty in the determination of the bag factorBK for theK system.
Thus the study of K–K mixing in the light of UED models is not promising.
To summarize, we have studied the B0–B 0 mixing in a UED model. We find lower limit for the compactification
scale (165 GeV), which is close to the limits from other processes. In addition, we note that even modest theoretical
improvements will have a considerable effect on the bound. With the error on fB
√
BB reduced to one third, the
bound is pushed up to 740 GeV. Thus, B0–B 0 mixing may provide us with a useful tool to discover or strictly
constrain the UED models. Unfortunately, the same cannot be said for the K system.
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After this work was completed, a paper came to the archive [23] where the authors have discussed the same
effect in the context of UED, and pointed out an error in our calculation. Their results are in agreement with our
corrected calculation.
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